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A B S T R A C T
In this paper, the novel (G′/G)-expansion method is applied to construct exact travelling wave
solutions of the cubic nonlinear Schrodinger equation. This technique is straightforward
and simple to use, and gives more new general solutions than the other existing methods.
Various types of solitary and periodic wave solutions of this equation are derived. The ob-
tained results may be helpful to describe the wave propagation in soliton physics, such as
soliton propagation in optical fibers, modulus instability in plasma physics, etc. and pro-
vided us the firm mathematical foundation in soliton physics or any varied instances.
Furthermore, three-dimensional modules plot of the solutions are also given to visualize
the dynamics of the equation.
© 2016 Beni-Suef University. Production and hosting by Elsevier B.V. This is an open
access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
nc-nd/4.0/).
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1. Introduction
Nonlinear evolution equations (NLEEs) have been widely applied
for better understating the nonlinear physical phenomena in
optical fibers, quantummechanics, quantum field theory, high-
energy physics, fluids dynamics, biophysics and plasma physics
etc. The exact solutions of such equations played very impor-
tant role to get the precise structures of physical phenomena
that occurred inmany branches of physics as mentioned earlier.
Among the possible solutions to NLEEs, certain special form
solutions may depend only on a single combination of vari-
ables such as solitons. Soliton is a self-reinforcing solitary wave,
a wave packet or pulse that maintains its shape while it travels
at constant speed. Due to the availability of symbolic compu-
tation systems, like Maple, direct methods to search exact
solutions of NLEEs have attracted much more attention in
recent years. In particular, there has been considerable inter-
est in investigating more exact travelling wave solutions of
the NLEEs due to the potentiality and understand to describe
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accurately many important physical and dynamic processes.
In the past, many powerful and direct methods have been de-
veloped to find the solutions of NLEEs, such as, the Hirota’s
bilinear method (Hirota, 2004), the inverse scattering trans-
form (Ablowitz and Clarkson, 1991), the tanh method (Malfliet
and Hereman, 1996a, 1996b), the Backlund transformation
method (Hirota et al., 1980), the symmetry method (Bluman
and Kumei, 1989), the Painleve expansion method (Weiss et al.,
1983), the Exp-function method (Akbar and Ali, 2012a; Naher
et al., 2012), the Adomian decomposition method (Wazwaz,
2002), the homogeneous balance (Wang, 1995) and so on to con-
struct exact solution of NLEEs. Wang et al. (2008) introduced
an expansion technique called the (G′/G)-expansion method,
and they demonstrated that it is a powerful technique for
seeking analytic solutions of NLEEs. By use of this method,
various equations have investigated (Akbar et al., 2012b, 2012c,
2012d, 2012e; Zayed, 2009a).
The efficiency of the (G′/G)-expansion method and to extend
the range of its applicability, further research has been carried
out by several researchers, such as, Zhang et al. (2008) who pro-
posed a generalization of the (G′/G)-expansion method for
solving the evolution equations with variable coefficients. Zhang
et al. (2010) also presented an improved (G′/G)-expansion
method to seek general traveling wave solutions. Zayed
(2009b) presented a new approach of the (G′/G)-expansion
method where G(ξ) satisfies the Jacobi elliptical equation
′ ( )[ ] = ( ) + ( ) +G e G e G eξ ξ ξ2 2 4 1 2 0 . Zayed (2011) again presented a
further alternative approach of this method in which G(ξ) sat-
isfies the Riccati equation ′ ( ) = + ( )G A BGξ ξ2 , where A and B are
arbitrary constants. Akbar et al. (2012e) presented a general-
ized and improved (G′/G)-expansion method which provide
further new solutions than the improved (G′/G)-expansion
method (Zhang et al., 2010). Neyrame et al. (2012) describe the
exact travelling wave solutions of the nonlinear partial differ-
ential equations. Kudryashov (2010) investigated that the (G′/
G)-expansion method according to linear ordinary differential
equation ′′ − ′ − = ∈ℜG G Gλ μ λ μ0, , is equivalent to the well
known tanh method. Recently, Alam et al. (2014a, 2014b) es-
tablished extremely valuable extension of the (G′/G)-expansion
method, called the novel (G′/G)-expansion method to
obtain exact traveling wave solutions of the nonlinear evolu-
tion equations. According to nonlinear ordinary differential
equation ′ ( ) = + ( ) + −( ) ( )Φ Φ Φξ μ λ ξ υ ξ1 2 , the novel (G′/G)-
expansion method has twenty five explicit solutions of the
NLEEs. The aim of this paper is to find exact travelling wave
solutions of the cubic nonlinear Schrodinger equation (Ablwitz
et al., 1974; Wazwaz, 2009; Yan, 2003) by use of the novel (G′/
G)-expansion method. In the studied literature this method has
not been applied to the above mentioned equations. The ad-
vantage of the proposed method over other method is that it
provides more new exact travelling wave solutions along with
additional free parameters. The exact solutions have its great
importance to reveal the interior mechanism of the physical
phenomena.
This paper is organized as follows. In Section 2, the novel
(G′/G)-expansionmethod is described briefly.The travelling wave
solutions of the Schrodinger equation with cubic nonlinear-
ity are derived in Section 3.The physical explanation and some
shape of the solutions are presented in Section 4. Conclu-
sions are given in Section 5.
2. Description of the novel (G′/G)-expansion
method
We consider the nonlinear evolution equation of the follow-
ing form
P u u u u u ut x xx tt tx, , , , , , , ,…( ) = 0 (1)
where P is a polynomial of u(x, t)and its partial derivatives.
Let us combine the real variables x and t by a compound
variable ξ as
u x t u x ct, , ,( ) = ( ) = ±ξ ξ (2)
where c is the speed of the traveling wave. By use of Eq. (2),
Eq. (1) is converted into an ODE for u = u(ξ):
Q u u u u, , , , ,′ ′′ ′′′( ) = 0 (3)
where Q is a function of u(ξ) and its derivatives wherein prime
stands for derivative with respect to ξ.
According to this method, the solution of Eq. (3) can be
expressed as
u j
j
j N
N
ξ α ψ ξ( ) = ( )( )
=−
∑ (4)
where
ψ ξ ξ( ) = + ( )( )d Φ (5)
and Φ ξ ξξ( ) =
′ ( )
( )
G
G
.
Here α−N or αN may be zero, but both of them could not be
zero simultaneously. αj j N= ± ± ±( )0 1 2, , , , and d are con-
stants to be determined later, and G = G(ξ) satisfies the second
order nonlinear ODE:
GG GG G G′′ = ′ + + ′( )λ μ ν2 2 (6)
where prime denotes the derivative with respect to ξ and λ,
and μ and ν are real parameters.
The Cole–Hopf transformation Φ ξ ξ ξξξ( ) = ( )( ) =
′ ( )
( )ln G
G
G
reduces Eq. (6) into Riccati equation:
′ ( ) = + ( ) + −( ) ( )Φ Φ Φξ μ λ ξ ν ξ1 2 (7)
It is notable that Eq. (7) has individual twenty five solu-
tions as seen in Zhu (2008). The value of the positive integer
N can be easily determined by balancing the higher order
derivative linear terms with the nonlinear terms of
the highest order that come out in Eq. (3). By substituting
Eq. (4) into Eq. (3) and using Eqs. (5) and (7) rapidly, we
have obtained the polynomials equation in d
G
G
j
+
′ ( )
( )
⎛
⎝⎜
⎞
⎠⎟
ξ
ξ and
d
G
G
j
+
′ ( )
( )
⎛
⎝⎜
⎞
⎠⎟
−ξ
ξ , j N=( )0 1 2, , , , . Collect each coefficient of the
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resulted polynomials to zero, yields an over-determined set
of algebraic equations for αj j N= ± ± ±( )0 1 2, , , , , d and V.
We can easily calculate the values of the parameters αj
j N= ± ± ±( )0 1 2, , , , , d and V by solving obtaining over-
determined set of algebraic equations. Substituting the values
of the constants together with the solutions of Eq. (7), we will
obtain new and comprehensive exact traveling wave solu-
tions of the NLEE (1).
It is significant to observe that if we replace λ by −λ and μ
by −μ and put ν = 0 in Eq. (6), then the novel (G′/G)-expansion
method coincide with generalized and improved (G′/G)-
expansion method (Akbar et al., 2012d). On the other hand, if
we put d = 0 in Eq. (5) and ν = 0 in Eq. (6), this method is iden-
tical to the improved (G′/G)-expansion method presented by
Zhang et al. (2010). Again if we set d = 0, ν = 0 and negative the
exponents of (G′/G)are zero in Eq. (4), then this method turns
out into the basic (G′/G)-expansion method introduced by
Wang et al. (2008). Finally, if we put ν = 0 in Eq. (6) and αj
( j N= 1 2 3, , , , ) are functions of x and t instead of constants
then the proposed method is transformed into the general-
ized (G′/G)-expansion method developed by Zhang et al. (2008).
Thus the methods presented in some references (Akbar et al.,
2012e; Wang et al., 2008; Zayed, 2009b, 2011; Zhang et al., 2008,
2010) are only special cases of the novel (G′/G)-expansion
method.Thus the novel (G′/G)-expansionmethod provides some
new solutions rather than the other existing method. This is
the main advantage of this method.The solutions of the NLEEs
are also helpful for describing the inner mechanism of the
physical phenomena.
3. New solutions of the cubic nonlinear
Schrodinger equation
Let us consider the eigenvalue problem
∂
∂ + ( ) = ( ) ( )
∂
∂ − ( ) = ( ) ( )
⎫
⎬⎪
⎭⎪
x
V f V g q x t V
x
V f V g r x t V
1 1 2
2 2 1
λ λ
λ λ
,
,
(8)
where f λ( ) and g λ( ) are functions of the eigenvalue λ.
Together with Eq. (8), we assume that the eigenfunctions
V1 and V2 evolve in time according to the temporal evolution
equation,
∂
∂ = ( ) + ( )
∂
∂ = ( ) − ( )
⎫
⎬⎪
⎭
t
V A q r V B q r V
t
V C q r V A q r V
1 1 2
2 1 2
λ λ
λ λ
, , , ,
, , , , ⎪
(9)
where A, B and C depend on λ and the functional of the po-
tentials q and r and of their spatial derivatives in the arbitrary
order.
The soliton requires that the eigenvalue λ does not change
in time while the potential q x t,( ) and r x t,( ) change their shape
in time. If we set
∂
∂ =t λ 0, then we find that A, B and C should
satisfy the following set of equations,
∂
∂ − ( ) −( ) =
( ) ∂∂ −
∂
∂ − ( ) − ( ) =
( ) ∂∂ −
∂
x
A g rB qC
g
t
q
x
B f B g qA
g
t
r
λ
λ λ λ
λ
0
2 2 0
∂ − ( ) − ( ) =
⎫
⎬
⎪⎪⎪
⎭
⎪⎪⎪x C f C g rA2 2 0λ λ
(10)
For the above expression of f λ( ) and g λ( ), the functions
A, B and C are constructed from Eq. (10) and obtain the non-
linear evolution equation for q x t,( ) and r x t,( ), which are the
soliton equation.
If we choose f λ λ( ) = , g λ( ) = 1 and r = −ψ* (complex), we
obtain the cubic nonlinear Schrodinger equation,
i
t x
∂
∂ +
∂
∂ + =
ψ ψ ψ ψ
2
2
2 0 (11)
To find out the travelling wave solutions of the
cubic nonlinear Schrodinger, we introduce the following
transformations
ψ ξ α β ξx t ik u k x t x ct, exp , , .( ) = ( ) × ( ) = + = − (12)
By substituting Eq. (12) into Eq. (11), then Eq. (11) can be
reduced to a nonlinear ordinary differential equation as
follows:
d u
d
u u
2
2
2 3 0ξ β α− +( ) + = (13)
Inserting Eqs. (4) and (6) and considering the homoge-
neous balance between
d u
d
2
2ξ and u
3 in Eq. (13), we obtain
3N = N+2. i.e. N = 1. Therefore, we have,
u ξ α ψ ξ α α ψ ξ( ) = ( )( ) + + ( )( )
−
−
1
1
0 1 (14)
Substituting Eq. (14) into Eq. (13), the left hand side is trans-
formed into polynomials in d
G
G
j
+
′ ( )
( )
⎛
⎝⎜
⎞
⎠⎟
ξ
ξ , j N=( )0 1 2, , , , and
d
G
G
j
+
′ ( )
( )
⎛
⎝⎜
⎞
⎠⎟
−ξ
ξ , j N=( )0 1 2, , , , . Equating the coefficients of
similar power of these polynomials to zero, we obtain a
system of algebraic equations for α−1, α0, α1, d, α, β and c.
Solving the obtaining system of algebraic equations by use
of the symbolic computation software, such as Maple 13, we
obtain
Set 1:
, , ,
,
α α β μν μ α λ α
α
λ υ
α ν
= = − − − =
= −
± − − +( )
= ± −
−
2 2
2
0
2 2
2
2
2
2
1
0 1
i d d
i 1 2( ) = =
⎧
⎨⎪⎪
⎩⎪⎪
⎫
⎬⎪⎪
⎭
⎪⎪, ,d d c α
(15)
Set 2:
, , ,
,
α α β μν μ α λ α μν μ λ
ν
α α
= = − + − + =
± − −( )
−( )
= =
−
4 4
4 4
2 2 1
0
2 2
1
2
0 1
i
± −( ) =
−( ) =
⎧
⎨
⎪⎪
⎩
⎪⎪
⎫
⎬
⎪⎪
⎭
⎪⎪i d c2 1 2 1 2ν
λ
ν
α, ,
(16)
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Set 3:
, , ,α α β μν μ α λ α ν λ μ
α
λ υ
= = − − − = ± − − +( )
= −
− − +
−
2 2
2
2
2 2
2
2
1
2 2
0
i d d d
d d
i
d d c
( )
±
= = =
⎧
⎨⎪⎪
⎩⎪⎪
⎫
⎬⎪⎪
⎭
⎪⎪2 0 21, , ,α α
(17)
By substituting Eqs. (15)–(17) to the Eq. (14), we get
u
i d d
i d G G1
2 2
2
2 1ξ λ υ ν( ) = − ± − − +( ) ± −( ) + ′( )( ){ } (18)
u i d d d d G G
d d
i
3
2 2 12
2 2
2
ξ ν λ μ λ υ( ) = ± − − +( ) + ′( )( ) + − − +( )
±{ }−
(20)
Therefore, with the help of Eqs. (12) and (18), the travel-
ling wave solution of the cubic nonlinear Schrodinger equation
(11) can be written in the following form:
ψ ξ α μν μ α λ
λ υ
1
2
2
2 2
2
2 2
( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − +
exp i x t
i d d( ) ± −( ) + ′( )( ){ }2 2 1i d G Gν (21)
where ξ = x−2α t, and μ,ν, λ, d and α are arbitrary constants.
By substituting the value of ′( )G G into Eq. (21), we obtain
the following: when Ω = − + >λ μν μ2 4 4 0 and λ (ν−1) ≠ 0 (or
μ (ν−1) ≠ 0), we get that
ψ α μν μ α λ
λ
1
2
2
1 2 2 2
2
x t i x t
i d
, exp( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − + 2
2
2 1
1
2 1
1
2
2
υ
ν
ν
λ α
d
i
d x t
( ) ± −( ){
−
−( ) + −( )
⎛⎝ ⎞⎠⎛⎝ ⎞⎠⎛⎝⎜
⎞
⎠⎟
⎫⎬Ω Ωtanh ⎭
(22)
ψ α μν μ α λ
λ
1
2
2
2 2 2 2
2
x t i x t
i d
, exp( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − + 2
2
2 1
1
2 1
1
2
2
υ
ν
ν
λ α
d
i
d h x t
( ) ± −( ){
−
−( ) + −( )
⎛⎝ ⎞⎠⎛⎝ ⎞⎠⎛⎝⎜
⎞
⎠⎟
⎫⎬Ω Ωcot ⎭
(23)
ψ α μν μ α λ
λ
1
2
2
3 2 2 2
2
x t i x t
i d
, exp( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − + 2
2
2 1
1
2 1
2 2
υ
ν
ν
λ α α
d
i d
x t i x
( ) ± −( ) −
−( )
⎛
⎝⎜
⎧⎨⎩
+ −( )( ) ± −Ω Ω Ωtanh sech t( )( )( ){ })}
(24)
ψ α μν μ α λ
λ
1
2
2
4 2 2 2
2
x t i x t
i d
, exp( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − + 2
2
2 1
1
2 1
2 2
υ
ν
ν
λ α α
d
i d
x st x
( ) ± −( ) −
−( )
⎛
⎝⎜
⎧⎨⎩
+ −( )( ) ± −Ω Ω Ωcoth csch t( )( )( ){ })}
(25)
ψ α μν μ α λ
λ
1
2
2
5 2 2 2
2
x t i x t
i d
, exp( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − + 2
2
2 1
1
4 1 2
1
4
2
1
4
υ
ν
ν
λ
α
d
i d
x t
( ){ ± −( ) −
−( ) +{
⎛
⎝⎜
−( )⎛⎝ ⎞⎠ +
Ω
Ωtanh coth Ω x t−( )⎛⎝ ⎞⎠⎛⎝ ⎞⎠}⎞⎠}2α
(26)
ψ α μν μ α λ
λ
1
2
2
6 2 2 2
2
x t i x t
i d
, exp( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − + 2
2
2 1
1
2 1
22 2
υ
ν
ν
λ
α
d
i d
A B A x t
( ) ± −( ) +
−( )
⎛
⎝⎜
⎧⎨⎩
− +
± +( ) − −( )(Ω Ω Ωcosh )
−( )( ) +
⎧
⎨⎪
⎩⎪
⎫
⎬⎪
⎭⎪
⎞
⎠⎟
⎫
⎬⎪
⎭⎪A x t Bsinh Ω 2α
(27)
ψ α μν μ α λ
λ
1
2
2
7 2 2 2
2
x t i x t
i d
, exp( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − + 2
2
2 1
1
2 1
22 2
υ
ν
ν
λ
α
d
i d
A B A x t
( ) ± −( ) +
−( )
⎛
⎝⎜
⎧⎨⎩
− +
± +( ) + −( )(Ω Ω Ωcosh )
−( )( ) +
⎧
⎨⎪
⎩⎪
⎫
⎬⎪
⎭⎪
⎡
⎣
⎢⎢
⎫
⎬⎪
⎭⎪A x t Bsinh Ω 2α
(28)
where A and B are real non-zero constants.
ψ α μν μ α λ
λ
1
2
2
8 2 2 2
2
x t i x t
i d
, exp( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − + 2
2
2 1
2
2
2
2
2
υ
ν
μ α
α
d
i
d
x t
x t
( ) ± −( ){
+
−( )⎛⎝⎜
⎞
⎠⎟
−( )⎛⎝⎜
⎞
⎠
cosh
sinh
Ω
Ω Ω ⎟ − −( )
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝
⎜⎜⎜⎜
⎞
⎠
⎟⎟⎟⎟
⎫
⎬
⎪⎪
⎭
⎪⎪λ αcosh
Ω
2
2x t
(29)
ψ α μν μ α λ
λ
1
2
2
9 2 2 2
2
x t i x t
i d
, exp( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − + 2
2
2 1
2
2
2
2
2
υ
ν
μ α
α
d
i
d
x t
x t
( ){ ± −( )
+
−( )⎛⎝⎜
⎞
⎠⎟
−( )⎛⎝⎜
⎞
⎠
sinh
cosh
Ω
Ω Ω ⎟ − −( )
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝
⎜⎜⎜⎜
⎞
⎠
⎟⎟⎟⎟
⎫
⎬
⎪⎪
⎭
⎪⎪λ αsinh
Ω
2
2x t
(30)
u
i
G G i2
2 14 4
2 2 1 2 1
2 1
2
ξ μν μ λ
ν
λ
ν
ν
λ
ν
( ) = ± − −( )
−( ) −( ) + ′( )
⎛
⎝⎜
⎞
⎠⎟ ± −( )
−
−( ) + ′( )
⎛
⎝⎜
⎞
⎠⎟
⎧⎨⎪⎩⎪
⎫⎬⎪⎭⎪1
G G (19)
112 b en i - s u e f un i v e r s i t y j o u rna l o f b a s i c and a p p l i e d s c i e n c e s 5 ( 2 0 1 6 ) 1 0 9 – 1 1 8
ψ α μν μ α λ
λ
1
2
2
10 2 2 2
2
x t i x t
i d
, exp( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − +( ) ± −( ){ (
+
−( )( )
−( )( ) −
2
2
2 1
2 2
2
υ
ν
μ α
α λ
d
i d
x t
x t
cosh
sinh cosh
Ω
Ω Ω Ω x t i−( )( ) ±
⎞
⎠⎟
⎫
⎬⎪
⎭⎪2α Ω
(31)
ψ α μν μ α λ
λ
1
2
2
11 2 2 2
2
x t i x t
i d
, exp( ) = + − − −⎛⎝⎜ ⎞⎠⎟⎧⎨⎩
⎫⎬⎭
⎡
⎣⎢
⎤
⎦⎥
× −
± − − +( ) ± −( ){ (
+
−( )( )
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When Ω = − + <λ μν μ2 4 4 0 and λ (ν−1) ≠ 0 (orμ (ν−1) ≠ 0), we
get that
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where A and B are constants such that A2 − B2 > 0.
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When μ = 0 and λ (ν−1) ≠ 0, we get that
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When (ν−1) ≠ 0 and λ = μ = 0, we get that
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Again, by the use of Eq. (19) and the solutions G(ξ) of
Eq. (7), the travelling wave solutions of the cubic nonlinear
Schrodinger equation (11) can be written in the following
form:
ψ ξ α μν μ α λ
μν μ λ
ν
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where ξ = x−2α t, and μ,ν, λ, d and α are arbitrary constants.
When Ω = − + >λ μν μ2 4 4 0 and λ (ν−1) ≠ 0 (or μ (ν−1) ≠ 0), we
get that
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The other solutions in this case are ignored for convenience.
When Ω = − + <λ μν μ2 4 4 0 and λ (ν−1) ≠ 0 (or μ (ν−1) ≠ 0), we
get that
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The other solutions in this case are ignored for convenience.
When μ = 0 and λ (ν−1) ≠ 0,
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The other solutions in this case are ignored for convenience.
When (ν−1) ≠ 0 and λ = μ = 0,
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Finally, by use of Eq. (20) and the solutions G(ξ) of Eq. (7),
the travelling wave solutions of the cubic nonlinear Schrodinger
equation (11) can be written in the following form:
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Where ξ = x−2α t, and μ,ν, λ, d and α are arbitrary constants.
When Ω = − + >λ μν μ2 4 4 0 and λ (ν−1) ≠ 0 (or μ (ν−1) ≠ 0), we
obtain
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The other solutions in this case are ignored for convenience.
When Ω = − + <λ μν μ2 4 4 0 and λ (ν−1) ≠ 0 (or μ (ν−1) ≠ 0),
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The other solutions in this case are ignored for convenience.
When μ = 0 and λ (ν−1) ≠ 0,
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The other solutions in this case are ignored for convenience.
When (ν−1) ≠ 0 and λ = μ = 0,
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The solutions obtained from Eqs. (22)–(60) are useful and
will help the researchers to understand the wave propaga-
tion in soliton physics, such as soliton propagation in optical
fibers etc. The physical explanations of the above deter-
mined solutions are presented in the next section.
4. Physical explanation
The cubic nonlinear Schrodinger equation is an important
model equation in mathematical physics, because the solu-
tions of this equation are very helpful for describing the various
types of traveling wave propagation in soliton physics. There
are many types of traveling wave solutions that are particu-
larly interesting in solitary wave theory. The traveling wave
solutions have been obtained from the explicit solutions in Eq.
(22) to (60) according to the variation of the free parameters
and by taking positive or negative sign that are involved in
these solutions. Since ψ(x,t) is a complex function, the soli-
tary wave propagation for any varied instances are characterized
by |ψ(x,t)|.
Solutions ψ17 x t,( ) , ψ19 x t,( ) , ψ19 x t,( ) and ψ111 x t,( )of the
cubic nonlinear Schrodinger equation are described in the
soliton solutions. Solitons are one kind of solitary waves that
described many physical phenomena in soliton physics, such
as soliton propagation in optical fibers etc. Soliton solutions
also give rise to particle-like structures, such asmagnetic mono-
poles etc. If two solitons of the cubic nonlinear Schrodinger
equation collide, the solitons just pass through each other and
emerge unchanged. So, solitons might appear for better un-
derstanding the intricate as well as the natural physical
phenomena. Fig. 1 have shown the exact soliton solution profile
of ψ11 x t,( ) for α = 0.5, λ = 1, μ = −1, d = 2, ν = 3 with −5 ≤ x, t ≤ 5.
Solutions of ψ14 x t,( ), ψ14 x t,( ), ψ15 x t,( ), ψ 22 x t,( ), ψ 22 x t,( ),
ψ31 x t,( ) , and ψ32 x t,( ) are described the singular soliton solu-
tion. Fig. 2 presented the exact singular soliton solutions of
ψ12 x t,( ) for α = 0.5, λ = 1, μ = −1, d = 1.5, ν = 3, and −5 ≤ x, t ≤ 5.
Fig. 1 – Solitary wave solution of soliton type, shape of
ψ 17 x t,( ) with −5 ≤ x, t ≤ 5.
Fig. 2 – Solitary wave solution of singular soliton type,
shape of ψ 12 x t,( ) with −5 ≤ x, t ≤ 5.
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Solutions of ψ11 x t,( ) and ψ16 x t,( ) are represented cuspons.
Cuspons are also soliton solutions that exhibit cusps at their
crests. In Fig. 3, we have presented the shape of the cuspon,
obtain from solution ψ16 x t,( ) for α = 0.5, λ = 1, μ = −1, d = 1.5,
ν = 3, and −5 ≤ x, t ≤ 5.
The solutions ψ123 x t,( ) and ψ124 x t,( ) are represented soli-
tary wave solutions of kink type by taking both the positive
or negative sign of α0 and α1 , which arise from one asymp-
totic state to another. The kink solutions are approach to a
constant at infinity. Fig. 4 represents the exact kink solution,
shape of ψ123 x t,( ) for α = 0.5, λ = 2, μ = 0, d = 1.5, ν = −1, and
−5 ≤ x, t ≤ 5. However, the solutions ψ123 x t,( ), ψ124 x t,( ), accord-
ing toα1 (+ve),α0 (−ve) and ψ323 x t,( ) are represented solitary wave
solutions bell type. Fig. 5 represents the exact bell type soli-
tary wave, shape of ψ323 x t,( ) for α = 0.5, λ = 2, μ = 0, d = 1.5, ν = −1,
and −3 ≤ x, t ≤ 3.
Solutions ψ125 x t,( ) and ψ325 x t,( ) are described the singu-
lar kink solutions, which come from infinity as in trigonometry.
In Fig. 6, we have shown the shape of the exact singular kink-
type solution for α = 0.5, λ = 4, μ = 6, d = 1.5, ν = 3, and −5 ≤ x, t ≤ 5.
Solutions of ψ13 x t,( ) , ψ110 x t,( ), ψ112 x t,( ), ψ114 x t,( ), ψ114 x t,( ),
ψ118 x t,( ) ψ119 x t,( ) ψ120 x t,( ) ψ121 x t,( ) ψ122 x t,( ) ψ312 x t,( ) and
ψ313 x t,( ) are represented periodic solutions. Periodic solu-
tions are also traveling wave solutions that are periodic
such as cos(x−t). In Fig. 7, we have represented the periodic
solution of ψ112 x t,( ) forλ = 4, μ = 6, ν = 3, d = 1.5, α = 0.5 with
−1 ≤ x, t ≤ 1.
Solutions of ψ113 x t,( ), ψ115 x t,( ) , ψ116 x t,( ), ψ 212 x t,( ) and
ψ 213 x t,( ) are represented the singular periodic travelling
wave solutions. In Fig. 8, we have presented the exact singu-
lar periodic traveling wave solution of ψ 213 x t,( ) for λ = 4, μ = 6,
ν = 3, d = 1, α
−
=1 2 with −1 ≤ x, t ≤ 1.
Fig. 3 – Solitary wave solution of cupson type, modulus plot
of ψ 16 x t,( ) with −5 ≤ x, t ≤ 5.
Fig. 4 – Solitary wave solution of kink type, shape of
ψ 123 x t,( ) with −5 ≤ x, t ≤ 5.
Fig. 5 – Solitary wave solution of bell type, shape of
ψ 323 x t,( ) with −3 ≤ x, t ≤ 3.
Fig. 6 – Solitary wave solution of singular kink type, shape
of ψ 125 x t,( ) with −5 ≤ x, t ≤ 5.
Fig. 7 – Periodic travelling wave solution, shape of ψ 112 x t,( )
with −1 ≤ x, t ≤ 1.
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Solutions of ψ 225 x t,( ) andψ 223 x t,( ) are represented the soli-
tary traveling wave solutions. In Fig. 9, we have presented the
exact solitary traveling wave solutions of ψ 225 x t,( ) for λ = 0, μ = 0,
ν = 3, α = 4 with − ≤ ≤10 10x t, .
5. Conclusion
The novel (G′/G)-expansion method has been successfully
applied to find more general travelling wave solutions of cubic
nonlinear Schrodinger equation. A variety of distinct physi-
cal structures such as soliton, singular soliton, cuspon, kink
type, bell type, singular kink type, periodic and solitary wave
solutions were formally derived. Therefore, the several types
of exact solitary wave and periodic wave solutions are helpful
to describe the different type of wave propagation in soliton
physics, such as soliton propagation in optical fibers etc. On
the other hand, the hyperbolic function solutions of the con-
sidered equation are very helpful to study modulus instability
in plasma physics. It is important to notice that the basic (G′/
G)-expansion method, the improve (G′/G)-expansion and the
generalized and improved (G′/G)-expansion method are only
special cases of the novel (G′/G)-expansion method and thus
the novel (G′/G)-expansion method would be a powerful math-
ematical tool for solving NLEEs.We have checked the obtained
solutions by putting them back into the original equation and
found correct.
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